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1 Introduction 

The study of compactness of multilinear operators for interpolation spaces 
goes back to A.P.Calderon [4, pp. 119-120]. Under an approximation hy- 
pothesis, Calderon established an one-side type general result, but re- 
stricted to complex interpolation spaces. 

For the real method, if E = (Eo,Ei),F = {F Ql F x ) and G = (G ,Gi) are 
Banach couples, a classical result by Lions-Peetre assures that if T is a 
bounded bilinear operator from (Eq + E±) x (Fq + F\) into Gq + G\, whose 
restrictions T\E}~ x Fk (k = 0, 1) are also bounded from Ef. x F^ into 
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Gk (k = 0,1), then T is bounded from Fjg :P - j x Fq^.j into Gq t . j , where 
< 6 < 1 and 1/r = 1/p + 1/q — 1 . Lately several authors have obtained 
new and more general results for interpolation of bilinear and multilinear 
operators, for example see [9], [12] and [13]. 

On the other hand, the behaviour of compact multilinear operators under 
real interpolation functors or more general functors does not seem to have 
been yet investigated. This is our main subject in this work. 
After some preliminaries on interpolation of linear and bilinear operators, 
generalizations of Lions-Peetre compactness theorems [11, Theorem V.2.1] 
(the one with the same departure spaces) and [11, Theorem V.2.2] (the one 
with the same arriving spaces) will be stated. The proof of the first one 
is an adaptation of the original proof, but the later requires an involved 
argument. 

Thereafter, a two-side result for general interpolation functors of type p, 
with the additional cost of an approximation hypothesis on the departure 
Banach couples, will be then given. Thus, a theorem of Hayakawa type 
(i.e. a two-side result without approximation hypothesis) will be obtained. 
The point at this issue is that the Hayakawa type theorem is nothing but 
a corollary of the result with approximation hypothesis. Consequently, an 
one-side result holds for ordered Banach couples. 

Finally, as a consequence of the second Lemma of Lions-Peetre type, a 
compactness theorem of Persson type is obtained. To avoid ponderous 
notations we have restricted ourselves to the bilinear case. A generalization 
for the p method of the Lions- Peetre's bilinear theorem will be also provided 
in this work. 

This work was published at "Nonlinear Analysis: Theory, Methods and 
Applications, Volume 73, Issue 2, 2010, Pages 526-537". Since there are 
some gaps in the original proof of Theorem 4.3, we give a new proof. For 
this, we change the Lemma 4.2. 

2 Preliminaries on Interpolation 

2.1 Interpolation functors. A pair of Banach spaces E — {Eq,E\) is 
said to be a Banach couple if Eq and E\ are continuously embedded in some 
Hausdorff linear topological space £. Then we can form their intersection 
Eq fl E\ and sum Eq + E\ ; it can be seen that Eq n E\ and Eq + E\ become 
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Banach spaces when endowed with the norms 

II x HsooEi = max{ \\x\\ Eo -, \\x\\ El }, 

and 

I x \\ Eo+El = inf {||xolbo + ll^ilbi}, 

X=XQ+Xl 

respectively. 

We shall say that a Banach space is an intermediate space in respect 
to a Banach couple E = (Eq ,E\) if 

EoHEx ^ E^ Eq + Ei. 

(The hookarrow denotes bounded embeddings). 

Let E = (Eq, Ei) and F = (Fq, F±) be Banach couples. We shall denote 
by L(E, F) the set of all linear mappings from Eq + E\ into Fq + Fi such 
that T\e k is bounded from E\. into F^, k = 0, 1. 

By an interpolation functor J- we shall mean a functor which to each 
Banach couple E = (Eq,E\) associates an intermediate space F(Eq,Ei) 
between E and E±, and such that T\j7t EojEl } G L(F(E , Ei), F(F , Fi)), 
for all T € L(E, F). 

The interpolation functors which we shall consider depend on function 
parameters. 

2.2 The function parameters. By & function parameter p we shall mean 
a continuous and positive function on R + . 

We shall say that a function parameter p belongs to the class B, if it 
satisfies the following conditions: 

(1) P(l) = 1, 
and 

(2) p(s) = sup < +°°' s > °- 

t>o p(t) 

Also, we shall say that a function parameter p € B belongs to the class 
B + ~ if it satisfies 

f°° 1 dt 

(3) J min(l, -)p(t)j < +oo. 
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From (l)-(3) we see that B + is contained in Peetre's class V + , i.e. 
the class of pseudo-concave function parameters which satisfies 



(4) j5(t) = o(max(M)). 

(See Gustavsson [6] and Gustavsson-Peetre [7].) 

The function parameter po(t) = t 9 , < 9 < 1, belongs to B. It corre- 
sponds to the usual parameter 9. Further, pg € B^ if < 9 < 1, but po, 
Pi£B+-. 

To control function parameters we shall need to recall the Boyd indices 
(see Boyd [2], [3] and Maligranda [12]). 

2.3 The Boyd indices. Given a function parameter p 6 B, the Boyd in- 
dices a-p and /3p of the submultiplicative function p are defined, respectively, 
by 

(5) a-p = sup 



and 



Kt«x> logt 
log p(t) 



(6) Pp= sup 

The indices and /3p are real numbers with the followings properties 

f°° dt 

(7) a T < y p(t) — < +oo, 



t 



and 



(8) /%>0 ^ f 1 - p it) d i<+^. 

Jo 1 

For the above mentioned function parameters po and p\ we have «p < 
and f3p 1 > 0, respectively. For the function parameter pg(t) = t 9 , < 9 < 1, 
we have a Pe = j5 pe = 9. 

It can be proved that for all p G 23, with /3p > (a^ < 0, respectively) 
there exists an increasing (decreasing, respectively) function parameter p + 
(p- , respectively) equivalent to p. Hence, if p € B + ~ it can be considered an 
increasing parameter, and p(t)/t a decreasing parameter. Furthermore, ~p 
can be considered non-decreasing, and ~p(t)/t non- increasing. Consequently, 
if p G B + ~ and < q < oo, we have 
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||p 1 (t) min(l,£) \\ L q < oo. 

2.4 Interpolation with function parameters. Let {E$,Ei} and 
{F ,Fi} be Banach couples and let L({E , Ei}, {F , F±}) be the family 
of all linear maps T : Eq + E\ — > Fq + F\ such that T\E k is bounded from 
E k to F k , k = 0,1. 

If E 1 and F are intermediate spaces with respect to {Eq,E\} and 
{Fo,F\}, respectively, we say that E and F are interpolation spaces of 
type p where p G "P +_ if given any T G L({£b, E{\, {Fo, Fi}) we have 

\\T\\ L{E ,F)<C\\T\\ p(B^j, 

for all T G L({E Q ,E 1 )},{F ,F 1 }), where ||T|| fc = | \T\ \ L(Ek ,F k ), (* = 0,1) 
and C > is a constant. 

Let {£^0) -Ei} be a Banach couple. The J and K functionals are defined 

by 

J(t, x) = J(t, x; E) = max{||x||£; , t HxH^}, x £ Eq (1 E\, 
K(t,x) = K(t,x;E) = inf {||zo||£ + t 

x=xo+xi 

respectively, where in K(t,x), xq G Eq and x\ G E\. Then, we can define 
the following interpolation spaces. 

The space {Eq,E\) PAj k-, p G B and < q < +oo, consists of all 
x G Eq + £i which norm 

= ||( p(2 n )- l K(2 n ,x;E) ) n6Z ||* ( z) 

is finite. 

The space (Eq,Ei) p ^-j, consists of all x G i?o + which it has a 
representation x = J2"^L-oo n « where (u n ) G Eq (1 E\ and converges in 
Eq + E\, which norm 

| \x\ = inf 1 1 ( p(2 n )- 1 J(2 n , u n ; E) ) neZ | | <B(Z)> 

is finite, where the infimum is taken over all representations x = ^ u n . 
Besides, we have for the interpolation space {Eq,E{] p ^j that if x G EqHEi 
then 



x\\e < Clkllo P 
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For < q < +00, the Equivalence Theorem between the J and K method 
holds, that is, 

(E ,Ei) Pjq .j = (E ,Ei) Pjq . K . 

2.5. The spaces of class J p and K p . Let E be an intermediate space 
respect to a Banach couple E = (E ,Ei) and p € B + ~ . We say that E is 
an intermediate space of class J p (Eq,E\) if the following embedding holds 

(9) (E ,E 1 ) Ptl , J ^E, 

and we say that E is an intermediate space of class K p (Eq,E{) if the fol- 
lowing embedding holds 

(10) E^{Eq,E{) p 

We note that E is of class Jq{Eq,E\) if and only if for all x <G Eq PI E±, 
it holds 

(11) \\x\\E<C\\x\\ E() p(P^ 

2.6 The sequence spaces l q s (G m ). To obtain our main result, we use the 
following sequence spaces which are defined as follows. 
Let G be a linear space and let (|| • || n )nez be a sequence of norms on G. 
For each n € Z, we shall denote by G n the space G equipped with the norm 

I ' I |n' Crt — {G, || • j|rj)' 

Let p be any function parameter and < q < 00. We shall denote by 
£p(G n ) the linear space of all sequences (a ra ) ne z> in G, such that 



Y,W- n )\K\\n] q 
L neZ 



1/9 

< +00. 



The functional ||| • ||| P)9 is a norm on £ p (G n ). The spaces l q p {G n ) are related 
with interpolation by the following result: 
Theorem 2.1. We have for the norm above that 

(£ q (G m ),el(G m )) p , q = £}(G m ), < q < 00. 
where f(t) = l/p{t- v ). 
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For each m € Z, let us set 

A m = A m E = Eq n 2 m -Ei, 
i.e., we take A m to be the space EqHEi equipped with the norm J(2~ m , •). 

Giving p € B + ~ , for f(t) = every sequence {u m } in £^(A m ) is 

summable in Eq + E\. Then, setting 

oo 

(12) <y{{u m }) = ^2 u m , 

m=— oo 

by the Theorem 2.1 we see the mapping 

a:£}(A m ) — ► (£ ,#iWj 

is bounded and 

(■^0) Ei)p,q;J = ^/(A m )/cr _1 (0). 
Moreover, it can be proved that 

£}(A m ) c (4(A m ),^(A m )) M . 
3 Bilinear Interpolation 

The following result characterizes the bilinear interpolation operator which 
concerns to us. For the classical method this property was first estab- 
lished by Lions-Peetre [11, Th.I.4.1]. Here, we give the function parameter 
version. 

Given Banach spaces E, F and G, we denote by Bil(E x F,G) the space 
of all bilinear operators from E x F into G, endowed with the norm 

\\T\\bu(XxY,z) = sup{\\T(x,y)\\ z | \\x\\ x < 1, ||y||y < 1}- 

Theorem 3.1. Let T be a bounded bilinear operator from (Eq + E\) x 
(Fq + F\) into Gq + G\ whose restrictions T\E k xF k (k = 0,l) are bounded 
from Ek x Fk into Gfc (k = 0, 1). Then, for p € £> H one has 

T \ E^ t p x Fp^q y Gp^ r , 
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where j(t) = p^ 1 ) -1 G B + ~ , 1/r = l/p + l/q - 1 and 

iitii <rr\\T\\ ^{ \\ t \\bu(e 1 xf 1 ,g 1 ) \ 

\\T\\ BiK E^F M < C\\T\\ Bll{EM , Go)P [^^^ ) . 

where C > is a constant. 

Proof. Let M fe = | \T\ \ B u(E k xF k ,G k ) , k = 0,1. Since j{t) < p(t) for all t > 0, 
it follows 7(t) G £> H . Now, let x G E J>p and y G F ps . Given e > 0, let 
{■u m } and {v m } be sequences in Eq n £i and Fo fl £1 , respectively, such 
that 



oo 

X = 

m=—oo m=—oo 



u m (inEo + Fi), y = ^2 v m (in F + F x ) 



and 






(13) 


f ||{ 7 (2 m )- 1 J(2 m ,n m )}|[, P < | 
1 ||M2 m )- 1 J(2™,t, m )}||„<| 


I^IIe 7 , p +e 

|y||p M + £ - 


Hence, for k = 0, 1, 




(14) | 


' ||{2(^ 7 (2'")- 1 n m }||, P( ^ ) < 
||{2( fc X2™)- 1 t, m }||„ (Ffc) <| 


lkl|E 7 , p +£ 

Ii/||f„,, +e. 


We have 







xi = u m g £ n Ei , yj = v m eF n f 1 

|m|<i |"i|<i 



Eq+Ex F + F 

Xi — > x, as !-> oo, yj — > y, as j — » oo. 



and 
Since, 

||T(x,y) -T^^^OIlGo+d < 

< \\T(x - Xi,y)\\ Go+Gl + \\T( Xi ,y- yj )\\ Go+Gl 

< M{\\x - x i \\ Eo+El \\y\\F +F 1 + ||xi|| Eo+El ||y-yj|| Fo+Fl }, 

we see that 

T ( x > V) = ^2^2 T ( u ii v j) =^2^2 T(u m , v n - m ) in G + Gi. 
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Moreover, for each n £ Z, ^2 m T(u m , v n _ m ) converges in Gq + Gi, and by 
Young's inequality and (13), 

m kn p{2 n r l \\T( Um , V n - m )\\ Gk }\\ e r 

m 

< \\{2 kn P (ry l £ M k \\ Um \\ Ek \\v n . m )\\ Fk }\w 

m 

< M k \\{2 kn p(2 n r 1 £ ll«mlk ll«n-m||F fc }||^ 

TO 

= M fc ||{E2 fcn 2- fcm 2 fc >(2™)- 1 p(2^)- 1 p(2- m ) H^-toIIfJII^ 

TO 

< M fc ||{E2 fc(n " m) 2 fcm / 9(2(n-m))- 1 p(2- m ) ||u m || Efc ||^_ m || Ffc }|| r 

TO 

= M fc ||{E2 fcm p(2- m )||n m |b fc 2 fc («- m )p(2("- m ))- 1 |k- m |k}|^ 

TO 

(K) M fe ||{2( fcm 7 (2 m )~ 1 u m }||, P(£fc) ||{2( fem p(2 m )-^ m }||, g(Ffc) < +00, 

for k = 0, 1. Consequently, for each n, Y. m \\ T ( u m, t>n-m)||G nGi, < +00 
and so 



w/ r . 



and 
(16) 



T (^ y) = ^w m in G + Gi 



From the definition of p-method for the J functor and from (16) one has, 

_ / ||{2 m p(2 mW 



\\T(x, y)\\a p , r < \\{p{2™)-i Wm }\\ nGo) -p 



w 



m|||A(Gi) 



||M2-)- 1 ^to}||^(Go) 



/ 



Gp 



1 



\ 



\\\{2-p(2^w m }\\ e r iGl ) ) 



I 



\ 



-1 



||{2-p(2-)-i w m }\\ er{Gl) ||{p(^)-^ m }||^ (G(l) 



Since ^JT and 

are non-decreasing, from (15) and (17) 
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\\T(x, y)\\ Gp , r < Cp I mq ||{ 7 (2-)- 1 u m }\\ eP(Eo) ||{p(2'")-^ m }|| M(Fu) 

||{2"V(2'")-i w m }\\tr (Gl ) 



\\{2 m p(2 m )~ 1 itf m }||/r(Gil M ° WW 1 )' 1 »^}llg(g„) ll{p(2 m )- 1 " m }||«(F n ) 

ll{2 m p(2™)- 1 «> m }||,r (Gl) 



< CM p 



||{2 m p(2 m )- 1 ^ m }||^ (Gl) 



M ||{ 7 (2 m )- 1 u m }\\ eP(Eo) ||M2-)-^ m }|| €< , (jFo) 



||{ 7 (2 m )- 1 u m }\\ eP{Eo) \\{p{2 m )^v m }\\ lq(Fa) 

M ||{2 m 7 (2 m )- 1 n m }||, P(gl) ||{2^ /J (2-)- 1 ^}|| £g( ^ l) ' 
0P I Mo ||{ 7 (2-)- 1 u m }||, P(Bo) ||{p(2-)-^ m }||, 9(Fo) 



>( t]|{7(2 m )- 1 ^}| V HEo) \\{ P {2^v, 



-l 



mJ1k«(F ) 

Finally, since and are submultiplicative, from (18) one 

has 

\\T(x, y )\\ Gpir <CM pAp 



M " Vll{7(2 m )' 1 u m }U (Eo) \\{p{2™)-^v m }\\ lqm 

1 



HH2-)- 1 u m }\\ eP(Eo) \\{p(2™)-±v m }\\ eq(Fo) 
xp(||{2 m 7 (2 m )- 1 u m }\\ iP{El) \\{2 m p(2 m )- 1 v m }\\ eq(El) ) 



Mi 

< CM p(t^)p 



1 



xp 



M ' r Vll{7(2 m )' 1 u m }\\ eP{Eo) J Vl|{ 7 (2 m )~ 1 u m }\\ eP{Eo) 

l 



1 



1 



1 



\\{p(2 m )- 1 v m }\\ eq{Eo) J VllW2 m )- 1 « m }IU(F ), 
xp(||{2 m 7 (2 m )- 1 n m }|| fr(£l) )p(||{2 m p(2 m )- 1 Um }|| £9(Fl) ) 



Mi 

< CM p(j±)p 



fIIe 7jP + e/ VIhIe 7 , p + £ 



x p(!MIe 7 , p +e)p(||y||p Pl , +£)• 
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Since e is arbitrary, for x and y fixed, taking e — > one has 

||r(x,y)|| Gpir < M pAp ( VinJ— ) 1 -p(t^t- )(\T 

M \\\x\\e 7 ,J VIfIIe 7 , p / \\\y\\F p , q J \\\y 

x p(IMIe 7 , p )p(IMIf p ,J ■ 

Since p(l) = 1, taking the supremum on ||x||e 7iP < 1 and ||y||F p , 9 < 1 the 
result follows. 

For more on bilinear interpolation see Janson [5], Maligranda [8] and 
Mastylo [9]. 

4 Compactness Theorems of Lions-Peetre Type 

Given Banach spaces E, F and G, a bounded bilinear mapping T from 
E x F into G is compact if the image of the set M = {(x, y) £ E x F : 
max{| |x| Is, Hs/IIf} < 1} is a totally bounded subset of G. 
In this section versions of Lions-Peetre Theorems about compactness of 
operators in interpolated spaces by the p method shall be given. We begin 
with the version of the Theorem V.2.1([ll]). 

Theorem 4.1. Let E and F be Banach spaces, G = (Go,Gi) a Banach 
couple and G be a Banach space of class J p (Go,Gi), p £ £> +_ . Given a 
bounded bilinear operator T from ExF into Go+Gi, such that T(ExF) C 
Go fl Gi, T is compact from ExF into Go and bounded from ExF into 
Gi, then T is also compact from ExF into G. 

Proof. Let {(x n ,y n )} be a bounded sequence in E x F. Since T is com- 
pact from ExF into Go, there exists a subsequence {(x u ,y u )} such that 
{T(x v ,y u )} is a Go-Cauchy sequence. On the other hand, since G belongs 
to class J p (Go, Gi), we have 

- T(x u ,y u )\\ G < 
< CWT^x^y^) -T{x v ,y v )\\ Go p 1 



\\T{x^ yil )-T(x v ,y v )\\ Go 



< Cp(\\T\\bu(ExF, Gi )) 

Hence {T(x„, y v )} is a G-Cauchy sequence and T is compact from ExF 
into G. 
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Now, we turn over the "Lions-Peetre Theorem V.2.2 ([11])". A prelimi- 
nary result which depends on an approximation hypothesis is previously 
required. 

Approximation Hypothesis. A Banach couple X = (Xq, X±) verifies the 
approximation hypothesis (AP) if there exists a sequence {P n } in L(X,X), 
with P n (X() + X\) C Xq fl Xi, and two other sequences {P^} and {P^} in 
L(X, X), such that 

(API) They are uniformly bounded in L(X); 
(AP2) I = P n + P+ + P~, b£N; 

(AP3) P+ = P+\ Xo € L(X , Ax) and P~ = P~\ Xl G L{X U X ), and 

Jt 1 |P " 1 = nToo 1 |P « 1 l^i. *>) = °- 

The following lemma is required. 

Lemma 4.2. Given Banach spaces E, F and G, let T n G Bil(ExF, G), n G 
Nbe a sequence of bilinear operators such that lim.jj_s.oo 

\\T n \\Bil(ExF,G) = A- 

Then, there exits a sequence (x n ,y n ) C Ue x Uf such that 

lim ||T n („ n ,y n )|| G = A. 

Proof. Since lim^oo \\T n \\ Bi i( E xF,G) = A, given e > there is N > with 
|||^n||sj;(BxF,G) - A| < e for all n > N. Then, 

( x >y)\\G < ||^n||sji(ExF,G) < £ + A 

for all (x, y) G Ue x Uf- On other hand, since ||r n || B ^( £xF( 3) = 
sw P(x,y)eU E xU F \\Tn{x, y)\\G: by the definition of supremum, for the given 
e > there is (x n ,y n ) G Ue x U f , such that \\T n \\ Bil ( E xF,G) - £ < 
\\T n (x n ,y n )\\ G < \\T n \\BU(ExF,G) < £ + A, this implies \\T n \\ BU ( E xF,G) ~ 
e - A < ||T n (x n ,y n )|| G - A < e, since -e < ||T n || B ^ ExF)G) - A. Thus, one 
has — 2e < ||T n (_ n , y n )||G — A < _ < 2_ , for all n > N, which gives the 
desired limit. 

Theorem 4.3. Let E = (E ,Fi) and F = (F ,Fi) be Banach couples 
satisfying the Approximation Hypothesis. Given p G £> H , a Banach space 
GandT G Bil{{E Q +E 1 )x(F Q +F 1 ),G), suchthatTis compact from E x F 
into G, then T is also compact from E 7iP x F Ptq into G, for 1 < p, q < oo 
and 7(t) = l/p^ 1 )- 

Proof. Step 1: Let (P m ) and (Q m ) be the approximating sequences in E 
and F, respectively. We are considering here the following scheme: 
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E 7iP x F P:q {P ^l m) E r\E 1 xF n F 1 ^UE j x Fj^G, 

for j = 0, 1 where ij is the inclusion operator. Then, T(P m , Q m ) is compact 
from E 7;? x F P)(J into C To prove the compactness of T it must be shown 
that 

\\T -T(P m ,Q m )\\ Bil( E^ pXFp:q ,G) — >0 as m — ► oo. 

Since, 

T-T(P m ,Q m ) = T{I,I)-T{I,Q m )-T{P m ,Q m ) + T(P m ,Q m ) + 
T(I, Q m ) - T(P m , Q m ) + T(P m , I) - T(P m , Q m ) 

= T{I -P m ,I- Q m ) + T(I - P m , Q m ) + T{P m , I ~ Qm) 

= T{P+, +P~,Q m + Q m ) + T(P+, +Pm,Qm) + T(P m , Q m + Q~) 

= T(P+, Q+) + T(P+, Q~) + T(P m ,Q m ) + T(P-,Q~) + 

T(Pm,Qm) + T(P-,Q m ) + T(P m , Q+) + T(P m , Q~) (*), 

it needs be shown that each term in (*) goes to zero in Bil(E^ tP x F Pjq , G). 
Step 2: We will show that \imJ\T{P+, Q m )\\ B a(E,, q xF p , q ,G) = 0. 
By the hypothesis we have 

\\T(P+,Qt)\\Bil { ^ p x Fp , q ,G) <C\\T(P+, Q+)|| p^ M^l||^ 

where ||.|| fc = \\-\\ B il(E k xF k ,G)i k = 0,1. Let x € B Eo and y G B Fo , since 
P+ : E ->■ £ n -Ei and Q+ : F -> El, one has 

E x F (P ^ } (E HE 1 )xF 1 ^G 



and 



|r||Ba((BbnBi)xF fc ) = SU P \\ T ( a ,b)\\ G 

(a,b)eB EonEl xB Fk 

< sup \\T(a,b)\\ G) 

(a,b)£B Ek xB Fk 
= \\ T \\Bil(E k xF k ,G) , k = 0,1 
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where B E denotes the unitary ball in the Banach space P. Thus, 

\\T(P+x,Q+y)\\ G < CHP+xlknEjlQ+2/lk 

< C(\\P+x\\ Eo + \\P+x\\ El )\\Q+y\\ Fl 

< C(\\P+\\ L (e ,E ) + llPmllLCSo.EojHQmllLCFo^olklbollyllFo 

< CHQmlliCFo^i)- 

By (AP3), WQmWLiFo^) -> when n ->• oo, then we get 
||T(P+x, Q^y)||o — >■ when n — >■ oo, which proves the assertion. 
Step 3: Y±mJ\T{P+,Q^)\\ Ba{ ^ qXFpq , G) = 0. 

We have 

l|T(P-Q-)||»<c||T(Pi,g-)|| 0? (|«i||* 

Both factors to the right in the above inequality are bounded. Checking 
that 

J^llT ( P m,Qm)\\Bil(E xF ,G) =0, 

is sufficient. 

Suppose ||T(P+, Qm)\\BU(E xF ,G) ~^ 0- Then, there exists A > and a 
subsequence {to'} such that ||T(P+,,Q~,)|| BiZ (£ oxFo)G ) > A for all {to'}. 
Since the sequence {T(P+,<5~)} is uniformly bounded, and 

< A < \\T(P+,,Q^,)\\ Bil ( EoxFojG ) < \\T\\ Bi ^ EoxFoyG - ) \\P^\\ L ^ Eo)Eo - ) \\Q^ l \\ L ^ E(hEo - ) 

the sequence {||T(P+,, Q~,)||Bi/(e oX F ,G)}m' has a convergent subsequence 
{|| T (- P m'" ( 5m")llBa(£oxFo,G)}m" to /c > A > 0. By the Lemma 
4.2 there is a sequence {x m »,y m ») G U Eo x U Fo such that 
lim^/^oo ||T(P+„,Q~„)|| B ^ (EoxFo)G) = fc > 0. By the hypothesis, T G 
Bil((E + Pi) x (P + Pi),G) and since P+ : P -»• Po + Pi and 
Q~ : Po — > Po + Pi , considering that 

P x P (P ^ m) (Po + Pi) x (Po + Pi) A G, 

one has 

\\T(P+„X m »,Q m „y m »)\\ G < ||P||Bji(( Fo + Fl )x(Fo+F 1 ),G)ll^''^m''|bo+ J Bi||<5^//ym»||F +F 1 

- ^ 1 1 P m" X m" 1 1 Ei 1 1 Qm" V™," 1 1 F 

^ C I \ P m" I U(E ,£i) I | bo I \Q m " I \l(F ,F ) I l^m" | |f , 
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and, by the hypothesis (AP), H-P^/Hl^o^) — > for m" — >■ oo. Thus, we 
have a contradiction. 

Step 4: ^J\T{p-,Q^)\\ Bil ^ qX¥p ^ G) = 0. 

The proof is symmetrical to step 2, considering the scheme 



Step 5: lim ||T(P-, Q+)lk*(E 7 , g xF M ,G) = 



( x ,,, . )m/\l £111(^-1, ,, . ■ ,.. .... 

The proof is symmetrical to step 3, considering the scheme 



E x F (P ^ m) (E + E x ) x (F + Fx) A G . 
Step 6: hmf|T(P m ,Q+)|| Bl/(E ^ xFp9)G) 

m 1 ™ H T ( P ^' < 3m)ll^(E 7 , 9 xF p , g ,G) = 0. 

For T(P m ,Q+) one has 

/||T(P m ,Q+)|| 1 



I Q+ ) | \ BU ( E -, q xF p , q ,G) < G | \T(P m , Q+) 1 1 p 



\\\T(P m ,Q+)\\ 



Both factors to the right in the above inequality are bounded. Checking 
that the former tends to is sufficient. 

Suppose ||T(P m , Qm)\\Bii(E xF ,G) ~^ 0- Then, there exists Ao > and a 
subsequence {m'} such that \\T(P m ,, Qm>)\\Bii(EoxF ,G) > A o for all {m'}. 
Since the sequence {T(P m ,G , + )} is uniformly bounded, and 

< A < ||P(P m ',Q^/)||Bi/(EoxFo,G) < \\T\\Bil{E xF ,G)\\Pm\\L(E ,E )\\Qm\\L(E ,E ) 

the sequence {\\T(P m >, Q^,)\\Bii{E xF ,G)} m ' has a convergent subsequence 
{\\T{P m ",Q^>)\\Bii(EoxFQ,G)}m" to k > A > 0. By the Lemma 
4.2 there is a sequence (x m »,y m ») £ Ue x Uf such that 
linW-Kx> l|r(P m »,Q+„)|| B ji(E oX Fo,G) = * > 0. By the hypothesis, T G 
PiZ((P + Pi) x (P + Pi), G), then 

ll T llBi/(Eox(F +Fi),G) = sup ||T(x,y)|| G 

(x,»)e{7s Xt/'F +F 1 

< sup \\T(x,y)\\ G 

(x,y)eU Eo+El xU FQ+Fl 

= ll r llBi«((£:o+Si)x(Fo+Fi),G) i 
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and since P n : E —¥ E and : F — > F + F\ , considering that 
E x F (P ^ m) E x (F + F 1 ) A G, 

one has 

\\T(P m ,fX m »,Q+„y m '')\\G < 1 1 T 1 1 B u (E x (F +Fi ) , G) 1 1 P m" X m " \ \e \ \ Q^" Vm" 1 1 F +Fj 

< G 1 1 -P m " ^m" 1 1 Bo 1 1 Qm"^" 1 1^1 

< C l|Pm''IU( J Bo,So)ll a; m''lbollQm»llL(Fo,F 1 )l|ym''||Fo , 

and ||Q^//||l(f ,Fi) ~~ ► f° r m " ~ ► 00 > by the hypothesis AP. Then we get 
a contradiction. 

Using a similar reasoning, considering the scheme 

El x F 1 {P ^r ] E l x (F + Fi) G, 

it is obtained that lim ||T(P m , Qm)\\BU(E 1 xF 1 ,G) = °- 
The proof is complete. 

The second theorem of Lions-Peetre type may be established now. 
Theorem 4.3. Let E and F be Banach spaces of class K^{Eq,E\) and 
K p {Fq,F\) respectively, where p € B + ~ and j(t) = and let G be 

any Banach space. Given T £ BU({Eq + E\) x (Fo + F±),G), such that 
T is compact from Eq x Fq into G, then T is also compact from ExF into G. 

Proof. Let <r be the mapping given by (12). We shall prove that 
(19) f = T o (a, a) : ^°(A m E) x £~(A m F) — > G 

is compact. For either X = E or X = F, we have 

e (A m X) D£\(A m X) k = 4(A m X), fc = 0,l. 

For each n G Z, let us consider the cutting operators P n ,P+ and P„~ , 
defined on ^(A m X) + £\(A m X) by 

Pn(«m) = {■ ■ ■ ,0,0,U_ n ,U_ n+ i • • • ,U , ■ ■ ■ , « n _i, U„, 0, 0, • • • }, 
Pn( u m) = {••• ,0, 0,U n+ i,n n+2 , • • • }, 
PnKn) = {• • • ,U_ n _ 2 ,«-n-l,0,0, • • • }, 
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thus, the Banach couple (£ -(A m X),£\(A m X)) verifies the Approximation 
Hypothesis, and 

£f(A m X) c {il{A m X),i\{A m X)) p ^ 

where either f(t) = or f(t) = l/7(t)~ 1 . Since the conditions 

of Theorem 4.3 are verified, the bilinear mapping (20) is compact and, a 
fortiori, T is also compact. 

5 Compactness Theorem of Hayakawa Type 

In this section we establish a bilinear version of Hayakawa's compactness 
theorem [8] for the p method, in which we assume compactness in both de- 
parture spaces and any inclusion conditions. We begin with an preliminary 
result. 

Theorem 5.1. Let us assume that E = (Eq,Ei) and F = (Fq,Fi) are 
Banach couples which satisfy the approximation hypothesis (AP) and that 
G = (Go, Gi) is an arbitrary Banach couple. Let T € Bil((E + Ei) x (F + 
Fx), Go + G\) such that the restrictions T\E k xF k (k = 0,1) are bounded 
and compact from E^ x into G&, (k = 0, 1). Given p € £> H and j(t) = 
l//^- 1 ), if E e J 7 (F , Ek) n F 7 (F , Ek), F e J P (F , Fi) n K p (F , Fi) and 
G € J p {Gq,G\) n K p (G , Gi), then T is also compact from E x F into G. 
Moreover, if Eq E\ and Fq ^ Fi, it is enough to consider compactness 
only from Eq x Fq into Go. 

Proof. Step 1: Let {P m }, {P+}, {P m } and {Q n }, {Q+}, {Q~} be 
approximating sequences in the Banach couples E and F, respectively, sat- 
isfying the Approximation Conditions (AP1)-(AP3). 
To show that T : E x F — > G is compact, it is suffices to prove that: 

i) To (P m , Q n ), T o (P m ,I) and T o (I, Q n ) are compact from E x F into 
G. 

ii) lim™ | \T - T o (P m , I) - T o (I, Q n ) + T o (P m , Q n ) \\ Bil{E xF,G) = 0- 
To prove i) we factorize T o (P m , Q n ) using the following diagram: 

E x F (P ^ n) (^ Q n Fi) x (F n Fi) Ej x F,- ^> Gj, 
for j = 0, 1. 

Since T is compact from Eq x Fd into Go, it follows, by Theorem 4.1 that 
T o (P m , Q n ) is compact from F x F into G. 
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Step 2: For each m G N, T o (P m , /) must also be shown to be compact. 
We shall show that 

lim \\T o (P m ,I) - T(P m ,Q n )\\ Bil{ExFjG) = 0. 

Since, 

To(P m J)-To(P mi Q n ) = To(P m J-Q n ) 

= To(P m ,Q+ + Q-) 

= To(P m ,Q+) + To(P m ,Q~), 

we need to show that 

(20) lim \\To(P m ,Q+)\\ Bil{ExF:G) = lim \\To(P m , Q-)\\ BU(ExFtG) = 0. 



But, 



|To(P m ,Q+)|| M(£xF , G) < C||r(P m ,Q+)||opf ||^5!lh 



< CpdlTllO- 



l|r(P m ,cffl||o 
i 

||T(P m ,O+)|| 



Hence, it's enough to show that \\T(P m , Q+)\\bu(EoxF ,Go) ^ 0, as n ^ oo. 
By contradiction, let us suppose the contrary. 

Let {(a n ,b n )} be a bounded sequence in E x F . Since {P m } and {Q+} 
are uniformly bounded in EqX Fq, there is a subsequence {n'} and aA/0 
such that 

\\T(P m a n ',Qn' b n')\\Go -> A , as n' ^ oo. 

By the compactness assumption on T : Po x Po ~~ * Go we may assume, 
passing the another subsequence if necessary, that {T(P m a n /, Q^,b n ')} con- 
verges to some element 6 in Go, so that ||6||g = ^- But 

\\T(P m a n >, Q^,6 n ')llGo+Gi < C \\P rn a n /\\E +E 1 \\Qn'bn'\\F +F 1 

< C||P m a n /|| Bo ||Q+,6 n '||F 1 

< C \ \a n '\\Eo\\Qn'\\L(F u Fo)\\bn'\\Fo 

Since ]im n >_> 00 ||Q^,||l(Fi,f ) = °' it: follows that T(P m a n /, Q+>K') in 
Gq + Gi, as n — > oo. Consequently 6 = 0, and A = 0, which is not the case. 
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To prove the second limit in (21) is also zero, we take a bounded sequence 
in E\ x Fi and proceed analogously to the first case, but now using the com- 
pactness assumption from E\ x F\ into G\. Observe that this assumption 
can be avoided if we assume that Eq Ei and Fi <^-> Fq. 
Analogously we prove that T o (I, Q n ) is compact. 
Step 3: Finally, (ii) shall be proved. We have 

(21) T - T o (P m , I) — T o (I, Q n ) + T o (P m , Q n ) = 

= To(P+ + P-,Q+ + Q-) 

= To{P+,Q+) + To{P+,Q-)+To{P-,Q+) + To{P-,Q-). 

To conclude the proof we have to verify that each term on the right side of 

(22) converges to zero as n — > oo. However, in the proof of (21) the only 
property used of P m is boundedness. Thus, the same proof works with P m 
replaced by P+ or P m . Hence, T o (P+, Q+), T o (P m , Q+), T o (P+, Q-) 
and T o (P m , Q ra ) converge to zero, as m, n — > oo. 

The proof is complete. 

Now, our main goal will be dealt with. We shall state a bilinear version of 
Hayakawa's compactness theorem. The idea is to reduce it to Theorem 5.1. 
Theorem 5.2. Let E = (E ,Ei) , F = (P ,Pi) and G = (G ,Gi) be 
Banach couples. Let T € Bil(E x F, G) be given, such that the restrictions 
T\E k xF k are compact from E^ x into k = 0, 1. Then, given p € £> H , 
T is compact from E 7iP x F Pig into G Pjr , where 7(t) = l/p(t _1 ) and 1/r = 
l/p+ l/q-\. 

Proof. To prove that the bounded bilinear mapping 

T . E-yjj X Fp g ^ ^*p,r 

is compact, it is enough to show that 

f = T o (a, a) : (^(A m E),^(A m E)) 7i9 x (£g(A m F),*?(A m F)) P) , — >• G pr 
is compact. But, since the mappings 

4(A m E) x 4(A m F) E k x F k A G fe (fe = 0, 1) 

are compact, we need to have at hand approximations sequences which 
satisfy (AP) so that Theorem 5.1 may be applied. Assuming the existence 
of such approximations sequences, it follows by Theorem 4.1 that 

f : $(A m E),£i(A m E)) 7iP x (^(A m F),^(A m F)) M — > (G ,Gi) Pit . 
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is also compact. Finally, taking into account that (E ,Ei) P:q .j = 
^(A m )/cr -1 (0), it follows that the mapping T is compact. 
It only remains to verify that the Banach couples (£ -(A m X),£\(A m X)), 
where either X = E or X = F, satisfy the approximation hypothesis (AP). 
For each n € N, let us consider the cutting operators P n ,P^ and P~ , 



We see that I = P n + P^ + P n and P n , and P n are uniformly 
bounded in £\{A m ) , k = 0,1. Moreover, P+ : l\(A m ) -> £l{A m ) and 
P~ : £g(A m ) — > £\(A m ) , and their norms are bounded by 2~ n . Hence the 
Banach couple {£\{A m ), £\(A m )) verifies the Approximation Hypothesis 



The proof is complete. 

6 Compactness Theorem of Persson Type 

The first generalization of the Lions- Peetre compactness theorems was given 
by A. Persson [14]. The equality between the departure or arriving spaces 
is replaced by an approximation hypothesis. The general idea of Persson's 
theorem goes back to Krasnoselskii [10], where a compactness theorem of 
Riesz-Thorin type is proved. 

Definition 1. A Banach couple {Eq,E\) is said to verify Lions' approxima- 
tion condition if a sequence (P n )n of linear operators P n : Eq+Ei — > Eo+Ei 
exists, with P n (Ek) C Eq n E\, k = 0, 1, and such that P n x — > x in E^ as 
n — > +oo, for each fixed x € E^, k = 0, 1. 

Definition 2. A Banach couple {Eq,E{) is said to verify Persson's approx- 
imation condition if, to each compact set K C Eq, there exists a constant 
C > and a set V of linear operators P : Eq + E\ — > Eq + E\, with 
P(E k ) C E C\E 1 , k = 0, 1, such that 



Furthermore, it is supposed that for each e > we can find a P G V so 



defined on £},(A m ) + £ x m { 

P n {u m ) = {• • • ,0, 
PnM = {••• ,0, 

P n ( u m) = {■■■ ,U 




!,U n ,0,0, ■■■} 



(AP). 



P\\ L (E k ,E k )<C, k = 0,l. 



that 



Px — x\\eq < £, 
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for all x <G K. 

Remark. Banach-Steinhaus theorem shows that Lions's condition implies 
Persson's condition. 

Theorem 6.1. Let (Eq, Ei), (Fq, F\) and (Go, Gi) be Banach couples such 
that the pair (Go, Gi) satisfies Persson's condition. If T € Bil(Ek x Fk, Gk) 
is compact from Eq x Fq into Go, given p £ and ^(t) = l/p(t _1 ), then 
for spaces E € J^(E Q ,E{) n K^{Eq,E{), F € J p {F Q ,F 1 ) n K p (F ,Fi) and 
G € J p (Go, Gi) fl K p (Gq, Gi), T is also compact from E x F into G. 
Proof. The image K = T(Be x -Bf ) in Go of the unit ball Be x i?p of 
Eq x Fo is relatively compact in Go- Hence, choosing P in accordance with 
Persson's approximation condition, we find 

\\PT(x,y)-T(x,y)\\ Go < e, 

for all (x,y) £ Be x Bp ; that is 

\\PT - T\\ Bil (E xF ,G ) < e - 
From Definition 2, we obtain 

iipt tii s nwryr tii _ ~ T ll^(gixF 1 ,Gi) 
- J ||_BjZ(£xF,G) S ^ - J llBi/(_B xFo,Go) Z 9 I iTpjl _ j." 



< Cpdl^llsiZ^ixFi.Gi)) 



|Bi/(S xF ,G ) 
^(||PT-T|| B «( BoxFo , Go) ) 



-PT-T|| Si ;( BoxFojGo ) 



This means that the bilinear mapping T : ExF — > G may be approximated 
uniformly by operators of the form PT, where P € V. Hence the theorem 
will follow if we prove that each mapping PT : E x F — >■ G, with P eT, is 
compact. 

According to the closed graph theorem, the mappings P : Gk — >■ Go n 
Gi, fc = 0, 1, are bounded. Since the composition of a compact and a 
bounded operator is compact, PT : Eq x Fq — > G is compact and PT : 
E\ x F\ — s- G is bounded. Lions-Peetre's Theorem 4.3 shows that PT : 
E x F — > G is compact. Proof is thus complete. 
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